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ABSTRACT

A model that recognizes the possibility of total shareholder loss in the aftermath of bankruptcy
reveals simultaneously the stock price effects of diversification and of the option to abandon
assets to creditors. In essence the model integrates security pricing behavior predicted by the
CAPM and by the OPM in a single formula. Results have implications for the valuation of
equity and debt securities of firms in distress and of options when underlying cash flows are
correlated with the market. The analysis suggests why models that consider only diversification
or the option-to-abandon sometimes fail to track the behavior of actual returns.

Keywords: Asset Pricing, Bankruptcy, Limited Liability, OPM, Option Pricing, Systematic
Risk.

RESUMO

Um modelo que reconhece a possibilidade de perda total para o acionista no rescaldo da
faléncia revela simultaneamente os efeitos de preco das agdes de diversificacdo e da opcéo de
abandonar ativos aos credores. Em esséncia, o modelo integra o comportamento de
precificacdo previsto pelo CAPM e pela OPM em uma unica formula. Os resultados tém
implicacdes para a avaliacdo do patrimoénio liquido e da divida de empresas em dificuldades
e de opcdes quando os fluxos de caixa subjacentes sdo correlacionados com o mercado. A
andlise sugere porque os modelos que consideram apenas a diversificacdo ou a opgédo de
abandono, por vezes, ndo conseguem acompanhar o comportamento dos retornos reais.

1 Artigo recebido em 09.09.2014. Recomendado para publicacdo em 31.12.2014 por llse Maria Beuren. Publicado
em 31.03.2015. Organizacdo responsavel pelo periodico: FURB.
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Palavras-chave: Precificacdo de Ativos, Faléncia, Responsabilidade Limitada, OPM,
Precificacao de Opgdes, Risco Sistematico.

RESUMEN

Un modelo que reconoce la posibilidad de la pérdida total de los accionistas en las
consecuencias de la quiebra revela simultaneamente los efectos de precios de acciones de
diversificacion y de la opcidn de abandonar los activos a los acreedores. En esencia, el modelo
integra la politica de valoracion previsto por el CAPM y por la OPM en una sola formula.
Resultados tienen implicaciones para la valoracion del patrimonio neto y la deuda de empresas
en dificultades y de opciones cuando los flujos de efectivo subyacentes estan correlacionados
con el mercado. El analisis sugiere por qué los modelos que tienen en cuenta solo la
diversificacion o la opcion de abandono a veces no puede seguir el comportamiento de los
rendimientos reales.

Palabras clave: Valoracion de Activos, Quiebra, Responsabilidad Limitada, OPM,
Valoracién de Opciones, Riesgo Sistematico.

1 INTRODUCTION

In this paper | am concerned with the impact of contagious bankruptcy risk (bankruptcy
being defined as the prospect of shareholders losing their entire stake in a firm) on the valuation
of common stock, and in particular with whether the introduction of bankruptcy risk allows
combining the effects of diversification and of the option-to-abandon assets to creditors in a
single valuation formula.

Contagious bankruptcy is interesting from the standpoint of security prices for two
reasons. The first is that contagious bankruptcy risk cannot be diversified away, and therefore
investors should demand—and in equilibrium receive—compensation for bearing it. The
second reason is that, although risk of total loss is always present, its effects are insufficiently
represented in historical stock return files (SHUMWAY, 1997). Consequently, conventional
techniques for gauging the association between firm specific returns and market-wide returns
may fail to account appropriately for the risk of total shareholder loss. If bankruptcy risk is not
being measured and yet should be priced, valuations made by conventional techniques are
incorrect. To the extent markets reject these valuations, predictions made by conventional
techniques will fail to track real pricing behavior.

Average bankruptcy risk in the U.S. is not very large. Anticipating results obtained later
in the paper, the aggregate risk of default (which is of course higher than risk of total loss) in
the U.S. is too small to have a significant impact on security values. But this does not mean that
risk of default is too small to matter for all firms. Default risk attains relatively high levels for
a significant number of firms: 24% on average over the next twelve months for about one tenth
of all firms rated by Moody’s. (See Figure 1.)

| begin this study by obtaining expressions for systematic risk and expected returns that
account for bankruptcy risk. With these expressions | examine the issue of combining the
option-to-abandon and diversification effects by contrasting implications of the new valuation
formula with those of the Black-Scholes (1973) option pricing model and with those of the
capital asset pricing model (CAPM) as traditionally applied. The analysis is based on a
prototypical firm that raises cash by issuing debt and equity and uses the proceeds to buy
productive assets. The firm hopes to generate cash from operations and will be liquidated within
one year by distributing all available cash to stakeholders. The basic requirement for embedding
option-like behavior within the CAPM is to assume that in some states of the world cash flows
will be inadequate to meet obligations to debtholders, and in those states shareholders will walk
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away from the firm. This is permissible in the context of the original Sharpe-Lintner-Mossin
CAPM (MOSSIN, 1973) with quadratic utilities.

Figure 1. Moody’s global corporate bonds: 1-year default rate quartiles for 1970-2003
by risk class. Fraction of bonds by risk class is for 2003. (Moody’s Investors Service.)
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But another requirement for instilling option-like features in equilibrium prices is to
face up to the fact that, given truncated returns, covariation between equity and market returns
must be affected by bankruptcy risk as well as by the correlation of operating cash flows with
the economy (MUTHEN, 1990). The only question is how strong is the effect of total losses on
that covariation and on systematic risk, not whether the effect exists. Procedures to estimate
firm-to-market covariation that ignore bankruptcy risk lead to errors just like trying to estimate
a linear regression ignoring that the dependent variable has limited range. This difficulty is not
mitigated by the fact that bankruptcy loss is an absorbing state and can be observed just once
in a security’s lifetime.

Although the model adopted in this paper is a highly streamlined version of reality, it
produces a variety of interesting insights that come from the integration of well known aspects
of the CAPM and option pricing model (OPM) into a single logical structure. The central result
is a security valuation formula that is sensitive simultaneously to the benefits of limited liability
and of portfolio diversification.

The balance of the paper is organized as follows: Section 2 motivates the problem.
Section 3 provides a formal analysis of the model. Section 4 examines stock return anomalies
by contrasting the revised and traditional approaches. Section 5 proposes feasible estimators for
systematic risk that account for bankruptcy risk. Section 6 reviews the implications of the model
and section 7 concludes.

2 TWO EXPERIMENTS AND THE MODELING FRAMEWORK
2.1 General Idea

In order to illustrate the impact of bankruptcy risk on estimates of fair stock prices I
generate simulated equity and market returns, record a return of -100% when the business fails,
and then compute regression coefficients with and without total losses in the sample. Repeating
this for different degrees of bankruptcy risk and market sensitivity gives a rough idea of the
magnitude and direction of latent errors in conventional estimates of systematic risk. Since these
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simulations set the stage for a formal analysis of the problem, | preface them with a minimum
set of necessary assumptions and definitions.

Imagine a risky enterprise that carries debt, functions in a single-period economy where
the premises of the Sharpe-Lintner-Mossin CAPM apply, and whose prospective operating cash
flows are correlated with market returns. To assume that the enterprise is risky means that
operating cash flows cannot be predicted with certainty. To assume it carries debt implies that,
if there is insufficient cash when payments to creditors come due, the firm will declare
bankruptcy and all available cash will be transferred to creditors. Finally, supposing that cash
flows are correlated with the market implies that the likelihood of total loss to shareholders
depends jointly on the firm’s operating risk, financial risk (leverage), and on the market’s
performance, i.e., bankruptcy risk has both idiosyncratic and systematic components by design.

2.2 The Firm
Let the firm own assets capable of generating net operating cash flows X (a random
variable with support on the set of real numbers) within one year. After one year existing assets
are converted into cash and distributed to the firm’s owners and creditors. There are no taxes.
If the sum of principal and interest on loans—denoted d—exceeds the realized value of X, the
firm is bankrupt. (Since the model has but a single period and all claims are settled at the end
of that period, it does not distinguish between financial distress, default and bankruptcy, and
bankruptcy implies complete loss of shareholders’ investment.) Bankruptcy is costless, which
means that in the event of bankruptcy the entire cash balance goes to the firm’s creditors. Let
X, stand for the payoff to shareholders (dividends.) Under limited liability X_ is determined
as follows:
X¢ =max(X —d,0) (@)

2.3 The Firm and the Market
The one-year return on the market portfolio (R,) has a joint bivariate normal

distribution with the net operating cash flows generated by the business (X ). The joint
distribution of X and R, has marginals N(x,,o, ) and N(T,,o, ) with correlation coefficient
p suchthat -1< p<+1, i.e., correlation between the firm and the market is never perfect. Also,
the likelihood of R being lower than -100% is insignificant.? | refer to the standard deviation
of cash flows (o, >0) as “operating risk” and to the correlation between cash flows and market
returns (o) as “market sensitivity,” or just “sensitivity.”

Assuming that X is correlated with R implies that bankruptcy risk is conditional on

the market’s performance, is contagious, and therefore must be priced. There exists abundant
evidence that historical failure rates are indeed associated with the state of the economy
(HELWEGE; KLEIMAN, 1997, MOODY’S, 2000; HILLEGEIST et al., 2004; VASSALOU;
XING, 2004). Bankruptcy risk, designated p, is uniquely determined by expected cash flows,

operating risk, and financial leverage (u,, oy, d ) as follows:
p=Pr{x<d}=[ ¢(u)du=o, ¥
where: &=(d -y )/oy; ®,=0(5)=d(5|u=0;c=1) is the standard normal cumulative
probability function; and ¢ =¢(5)=¢(5|,u =0;a=1) is the standard normal density function.
The probability of avoiding bankruptcy is defined as @, =1-®,=1-p.
Expression (2) establishes a one-to-one relationship between the probability of

bankruptcy and &. Financial risk (the numerator in &) increases as leverage increases.
Operating risk (the denominator in &) increases with the variability of net operating cash flows.

Revista Universo Contabil, ISSN 1809-3337, FURB, Blumenau, v. 11, n. 1, p. 105-135, jan./mar., 2015



109
Carlos A. De Mello-e-Souza

The probability of shareholders being “wiped out” ( p) increases monotonically with financial

risk for any level of operating risk. But the direction of the relationship between the risk of
failure and operating risk depends on whether d < x, or d > x, . In the first case (relatively low

leverage) p rises with operating risk; in the second case (relatively high leverage) p falls with
operating risk.

2.4 Security Prices

| assume perfect capital markets with risk-averse quadratic utility investors whose
beliefs and investment opportunities are similar. | assume quadratic utilities because: (1) the
mean and variance are interdependent under truncated normal returns; and (2) mean-variance
analysis holds despite non-normal returns and interdependent means and variances if utilities
are quadratic (HALEY; SCHALL, 1979; DYBVIG; INGERSOLL, 1982). With these
assumptions the equilibrium expected return on equity is:

E[R.]=i+ (T, i) ©)
where i is the risk-free rate and 4. is the systematic risk of equity, defined as:
cov(Rg, R,
po = 2B o) @

m

Fair value of the firm’s equity (V. ) can be calculated either as the expected payoff to
shareholders divided by a risk-adjusted discount factor:

E[X]

=L F 5

° 1+R. ©)

or as the “certainty-equivalent” payoff divided by one plus the risk-free rate:
VE:E[XE]—/lcov(XE,Rm) (6)

1+i
where A , the “price of risk™, is the Sharpe-measure (s) divided by o :

A= (Fm—‘] 1_s )

Sharpe-measure
Valuation formulas (5) and (6) are consistent with bankruptcy and limited liability
(Mossin 1973). In addition, since all available cash is distributed to stakeholders upon
liquidation (no taxes and no bankruptcy costs), the value of the firm itself is independent of
leverage. If investors pay fair value for common stock as given by (5) or (6) and the liquidating
dividend is X, then the holding-period return to shareholders is:

RE:(XE/VE)_l (8)

which, using (6), can be expressed as:

B Xe (1+1)
RE_E[xE]—/u:ov(xE,Rm)_1 )

2.5 Simulation Exercise No. 1 (Impact of Bankruptcy on Beta)

In this exercise | run two types of regressions of stock returns on market returns. Returns
are generated via the Monte Carlo method according to the assumptions above. In regressions
of the first type | replicate traditional estimation of systematic risk (or beta) by removing from
the sample all observations where . =-100%. In regressions of the second type | leave those
observations in. Of course, since —100% returns are not recorded in practice the second type of
regression is not implementable. Its purpose is to help assess the potential for error in the
conventional estimation technique.

Revista Universo Contabil, ISSN 1809-3337, FURB, Blumenau, v. 11, n. 1, p. 105-135, jan./mar., 2015



110
DIVERSIFICATION WITH THE OPTION-TO-ABANDON: AN INTEGRATED VALUATION MODEL

I perform regressions for nine combinations of p=.02,.05,.15 (bankruptcy risk) with
p=.10, .30, .50 (market sensitivity). Market parameters are assumed to be 1, =.15, o, =.20
and i=.05. Simulated values of true beta (.), OLS beta (42°), and the errors in expected

returns that result from using g are shown in Table 1. As expected the values of true and

OLS beta tend to increase with both p and p. But note that all estimates of 4. in Table 1 exceed

the corresponding estimates of A2-°. Therefore investors who use g2 will underestimate

required rates of return (and overvalue common stock) when bankruptcy risk and market
sensitivity are within the assumed ranges.
Table 1. Simulated true beta, OLS beta and errors in required rates of return as a
function of market sensitivity ( o ) and bankruptcy risk (p).

B (top) Error in required rate of return:
True and OLS beta: = = .
oS (hottom) Re — RS (basis points)
p p
10 .30 .50 10 .30 .50
.266 .808 1.403
.02 41 55 85 .02

225 753 1.318

215 1.079  1.496
p .05 29 151 118 05 p
.186 .904 1.378

.608 1.192 2.570
15 123 247 322 15
485 .945 2.248

Figure 2 illustrates in more detail the case for p=.05 and p =.30 (the market sensitivity
level that corresponds to a beta of about one for this level of p.) The plot on the left excludes
total losses and portrays the conventional estimation technique that produces g2-° =.904. The

plot on the right includes total losses and portrays an alternative technique that takes bankruptcy
risk into account and leads to g. = 1.079. In this case OLS understates true beta by about 15%

and required rates of return by 151 basis points (assuming that r, =.15, o, =.20 and i=.05.)

2.6 Simulation Exercise No. 2 (Porffolio Aggregation Reduces Noise, Not Bias)

After observing that a firm’s OLS beta can be a significantly biased estimate of true beta
it is natural to ask whether a portfolio’s OLS beta would also be vulnerable to bias. Portfolios
play a central role in tests of the CAPM because they minimize noise in beta. Since the chance
of a portfolio returning —-100% drops sharply as the number of securities in the portfolio
increases (even if the portfolio contains only very distressed securities), intuition suggests that
the truncation effect on portfolio beta should be immaterial. But the simple algebra of portfolio
beta indicates otherwise. Portfolio beta is a value-weighted average of the true betas of all
securities in the portfolio. The usual estimator of portfolio beta is also a value-weighted average
of the estimators of firm-specific betas, but only if all possible outcomes are included in the
data.
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Figure 2. Partial and full sample regressions of R, vs. R, (p=.05; p=.30).
Partial sample (without R, =-100%) Full sample (with R. =-100% )

3 3
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return on equity (Rg)
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@ (1) oomocct
5 3 ¢y 1 3 5 7 9 5 3 ¢y 1 3 5 7 9
return on the market (R ) return on the market (R )
R: =.090+.904 R, +u R =—.0124+1.079 R, +u

To illustrate the fact that portfolios deal with noise but not bias, | run Monte Carlo
experiments with p=.05 (bankruptcy risk) and p=.30 (sensitivity). Market parameters are
maintained at 7, =.15, o, =.20 and i=.05. Averages and standard deviations for the simulated
values of true betas ( 4. ) and OLS betas ( p2-°) for portfolio sizes between 1 and 20 are given
in Table 2. As expected, the standard deviations of both true and OLS beta fall quickly as the
number of securities in the portfolio increases, with about three quarters of the total reduction
obtained with N =20 securities already obtained by N =5. There is, however, no apparent
change in the amount by which OLS underestimates true beta: the absolute value of the bias in
O remains close to the theoretical value of .130 as the number of securities increases from 1

to 20.

No doubt one can contrive scenarios in which portfolio betas are less affected by bias
than individual securities by combining positive and negative biases. However, according to
the formal analysis of the model in the next section of the paper, if bankruptcy risk is in the O-
25% range and sensitivity is less than .7, then all firm-specific OLS betas will underestimate
true beta and so will portfolio OLS beta regardless of how many securities are in the portfolio.

Table 2. Noise and bias in estimated portfolio beta as a function of portfolio size.
Portfolio Size (N) —» 10 200 50 100 150 200 Theory™
Truebeta (5.): average  .976 1.001 .998 .992 986 .980 .982

std. dev. .359 234 142 095 .077 .076
OLS beta (p*°): average  .818 .870 .859 .855 .852 .846 .852

std. dev. .317 220 .146 .093 .076 .070
Bias in OLS beta (.157) (.131) (.139) (.138) (.134) (.133) (.130)

) Values in these columns are realizations of a random process, not theoretical predictions. ¢ Theoretical values
of true and OLS beta according to Propositions Il and V presented later in the paper.
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3 FORMAL ANALYSIS

The Monte Carlo experiments above illustrate the impact of total losses in the
calculation of firm-specific and portfolio betas and encourage a deeper discussion of valuation
errors caused by overlooking bankruptcy risk. In order to do this successfully we need formal
expressions for beta, expected returns and value of common stock. As a first step in this
direction | take a closer look at the expected payout to shareholders, a key input in formulas (5)
and (6) and for shareholder returns (9).

3.1 Expected Payoff to Shareholders
Intuitively expected dividends should go down with leverage ceteris paribus (because
more leverage implies less of the same cash flows are available for shareholders) and rise with
operating risk (because limited liability implies that any expansion in the upside is not entirely
offset by the corresponding downside expansion.) Lemma 1 confirms this intuition, which is
portrayed in Figure 3.
LEMMA 1. The expected value and standard deviation of dividends are determined by o,

(operating risk) and ¢ as follows:
E[Xe]=0xHy (10)
Gy, =0y \[®;—(6+H,o )H (11)
where H,, = ¢, —6 @, is the expected d|V|dend per unit of operating risk.

Figure 3. Expected dividends as a function of operating risk ( o, ) and financial risk.
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3.2 Covariance of Cash Flows and Market Returns

The covariance between dividends ( X, ) and market returns (R,,) under limited liability
is a key input both in the certainty-equivalent valuation formula (6) and in the closed-form
expression for systematic risk to be obtained later on. In a large economy the range of variation
in market returns is not much affected by what happens to a single firm, but the range of
variation in a firm’s dividends is strongly curtailed by limited liability as the likelihood of
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bankruptcy increases. Intuitively this should lead to a reduction in the covariance between X_
and R as p increases. Lemma 2 shows that this intuition is correct:

LEMMA 2. The covariance between dividends and market returns under limited liability is
equal to the covariance with unlimited liability attenuated by the probability of bankruptcy not
happening (1- p), as follows:

COV(XE’Rm): POy O, —pGXUm(p)ZIDGXGm(l— p) (12)
N — %,—/
covariance with covariance with
unlimited liability limited liability

Combining Lemma 2 (bankruptcy risk attenuates the covariance between dividends and
market returns) with the fact that stock returns and dividends are positively related, does not
imply that bankruptcy risk attenuates beta. In fact the opposite happens as we will see in
Proposition Il later on.

3.3 Stock Returns

The relationship between bankruptcy risk and stock returns is at the center of a vital
research effort motivated by questions such as: - Do investors expect relatively higher or lower
returns from stock in distressed firms (DICHEV, 1998; VASSALOU; XING 2004)? Or the
opposite question: - How can historical stock return patterns be used to assess the likelihood of
bankruptcy (Hillegeist et al. 2004)? Another fruitful line of inquiry was prompted by the finding
that anomalous patterns in the cross-section of stock returns that had been attributed to size and
leverage are effectively subsumed by bankruptcy risk (CHAN; CHEN 1991). These questions
are related to the basic issue of what determines the distribution of stock returns. In terms of
the model in Section 2, do expected cash flows, operating risk, leverage and market sensitivity
affect stock returns, and if so, how? The answer is given in Proposition I.

PropPosITION |. The effects of operating risk, expected cash flows and leverage on stock
returns are subsumed by bankruptcy risk. Two firms with different expected cash flows,
operating risk and leverage, but the same bankruptcy risk, produce identically distributed
returns. Market sensitivity is separately related to returns. Stock returns have a truncated
normal distribution as follows:

_(1+i)max(0,Z, -5)
E Ha‘p
where Z, =(X —uy )/ox ~N(0,1) and H,, =, —(5+sp)D;.
CoROLLARY. The only firm-specific characteristics that affect equity beta are p and p.
Proposition | suggests the elements of an explanation for why distress subsumes the
effects of size and leverage in CAPM anomalies. It also suggests an explanation for why long-

run stock returns on distressed firms can be lower than those on healthy firms (DICHEV, 1998)
by emphasizing that market sensitivity also matters in the determination of systematic risk.

-1 (13)

3.4 True Beta
I use the qualifier “true” to distinguish the value of beta which takes into account the
possibility of bankruptcy from its ordinary least squares proxy. According to the CAPM, beta
measures risk that cannot be diversified away in a portfolio and therefore should be priced. This
is the essence of expression (3), which states that investors expect the riskless rate plus beta
times the market premium when buying common stock. According to the corollary to
Proposition I true beta depends only on bankruptcy risk and market sensitivity, besides the usual
market parameters. The next proposition adds a closed-form expression for computing true beta.
PropPOsITION Il.  True equity beta is determined by bankruptcy risk, sensitivity and the
market’s parameters as follows:
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PRGN (14)
O'mHa‘p

Figure 4 contains plots of g, as a function of p for selected values of p. (Table 3 shows
theoretical values of 3. for selected values of p and p.) Observe that g, increases with p, given
p and increases with p, given p. This agrees with intuition and is confirmed by a formal analysis
of partial derivatives. The multiple connections of B, with leverage, operating risk and market
sensitivity embedded in Proposition Il are well documented in the literature (Bowman 1979;

Mandelker and Ghon Rhee 1984).
A recently observed aspect of the connection between bankruptcy risk and g, is that

there have been times when firms with high bankruptcy risk persistently yielded stock returns
that are lower than average market-wide returns (Dichev 1998). This seems to contradict the
CAPM.

Table 3: True Beta, OLS Beta, and Predicted Unconditional Return Anomalies
(with market parameters at: 7, =.15, o, =.20, and i=.05).

[«Investment Grade] = Bankruptcy Risk (p) [Speculative Grade— ]
.001 .002 .005 .010 .020 .050 .100 .150 .200 .250 .300 .400

Panel A: True Beta

050109 09 10 .11 13 15 18 20 .23 24 26 .30
J00 17 19 21 23 26 31 37 42 46 50 54 62
150126 28 31 35 39 47 56 64 71 77 .83 .96
200135 38 42 47 52 64 76 87 96 105 1.14 1.32
250144 48 53 59 66 .81 97 111 123 135 146 1.70
< 300|54 58 65 .71 81 .98 119 136 151 1.66 181 2.11
2 400|173 78 88 98 1.10 135 165 189 212 234 256 3.01
;E 500192 1.00 1.12 125 142 175 214 247 279 3.09 3.40 4.06
% .600 1.13 1.22 138 153 1.75 217 268 3.12 353 395 437 5.27
v 700 1.34 145 164 183 210 262 326 3.83 437 491 548 6.72
Panel B: OLS Beta
.050 |.08 .09 .10 A1 A2 13 A4 15 .16 A7 .19 21
J00 17 18 20 22 23 26 29 31 34 36 .38 .44
150126 28 30 33 36 40 45 48 52 55 59 .68
.200 .35 37 41 A4 48 .55 .61 .66 g1 .76 .82 .95
25044 47 52 56 61 70 .78 85 92 99 106 1.24
X 3001[53 57 63 68 .74 8 96 106 114 124 133 156
2 40072 77 85 93 103 119 136 151 165 180 196 2.34
;E 50010192 98 110 120 133 156 182 205 227 250 274 334
% 600 1.12 121 135 149 166 198 236 270 3.03 3.38 3.76 4.69
“ 700 1.33 144 162 179 202 246 3.00 350 4.00 454 513 6.59
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Panel C: Unconditional Return Anomalies (in basis points)

.050 |1 1 3 6 11 22 38 50 61 70 78 89

100 |2 3 7 12 22 45 76 102 123 142 158 181

150 2 4 10 18 32 68 114 153 186 215 240 275

.200 3 6 13 24 43 90 152 204 249 288 321 368

250 |4 7 16 30 53 111 189 254 310 358 400 459
X 3005 8 19 35 62 131 223 300 367 425 474 543
2 400 |6 11 24 43 77 164 281 379 464 537 598 676
;E 500 |6 12 26 48 87 184 316 426 520 598 660 720
% .600 6 12 27 49 88 184 314 419 504 567 606 588
n 6

.700 11 24 43 77 157 257 327 367 376 346 123

Formulas: Panel A: g, = p(1+i)®,/[ o, H

m Sp

Panel B: s = p(1+1)[ @ - H,, |/(o.H,,[®5 - 45 H,, |)
Panel C: E[R.]-E[R.] =(4 - 5 )(T, -i)

However, according to Proposition I, the effect on A, of increasing distress levels

depends on market sensitivity. (See Figure 4.) If in Dichev’s sample sensitivity is sufficiently
smaller for the most distressed firms, then the finding that returns on distressed portfolios are
lower than returns on healthy portfolios does not contradict the CAPM.

Figure 4. True and OLS betas vs. bankruptcy risk and market sensitivity.

6 —_
| thick lines: true beta
dashed lines: OLS beta

beta
w
~
increasing levels of sensitivity —

probability of bankruptcy (p)

3.5 Fair Value of Equity

In order to obtain a valuation formula for common stock that reflects jointly the benefits
of diversification and of the “option to abandon” I substitute in (5) expressions for expected
dividends and expected returns that consider the risk of bankruptcy loss to shareholders. The
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result is stated below.
ProprosITION 11, Fair value of equity is determined by probability of bankruptcy loss (there
is a one-to-one relationship between p and &), sensitivity, operating risk and market

parameters as follows:
oyH

X 6p 15
1+i (15)

COROLLARY 1. H,, =¢ —(5+sp)®, isthe certainty equivalent measure of dividend per unit
of operating risk (o, ). The expected dividend per unit of operating risk is simply H,, when
p=0,0r Hy.

COROLLARY 2. Value of equity can be expressed as the ratio of volatility of dividends to the
volatility of returns on equity:

__\/CAPM __
VE _VE =

o
Ve, =V = _Xe (16)
Or

CoROLLARY 3. The value of total assets (V, ) does not depend on financial leverage (d).
COROLLARY 4. The standard deviation of returns on equity is determined by p, p, and
market parameters, as follows:
1+i
O, _ % (141) (17)
O-XH5p
where o, _ is given by expression (11).
Expression (17) shows that total risk (o_) is inversely proportional to a factor (H,,)
that is affected by the correlation with market returns. Thus o, cannot be written as the sum

of two terms, one associated only with market risk and the other only with firm-specific risk,
as required by the index model (BODIE; KANE; MARCUS, 1993). Nevertheless additive risk
decomposition remains valid in the limit as the likelihood of bankruptcy tends to zero because:

: 2
lim o, =
p—0 E

H 2

2
1+i | Beon systematic risk of security (18)
Yo, security characteristic line's R-squared

op

3.6 CAPM vs. OPM

The most interesting aspect of Proposition 111 is that it incorporates in a single formula
both the diversification and the option features of common stock. This can be seen by
comparing the value of common stock as given by the CAPM (expression 15) with the value of
common stock according to the option pricing model. For the firm described in Section 2, the
value of equity according to the Black-Scholes option pricing model is:

C .
VoM =V, @, —ed D

< 0= i{ + Gj* +1In E\;—Aﬂ (19)

Or

A

9,=9, —OR,

\

where V, is the value of the firm’s assets (the “underlying”), and o is the standard deviation

of asset returns (“volatility”).
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Figure 5. Does the CAPM capture the option effect?

(5.1) Value of equity (vs. V,) (5.2) Difference in V. and p (vs. V,)
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(5.3) “Volatility” o, (vs. V,) (5.4) Equity beta (vs. V,)
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21 B
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Results of changing the expected value of operating cash flows ( z, ) from $1 to $35. Given: o, =$5, d = $7.5
p =.30, and market parameters as usual at T, =.15, o,, =.20 and i =.05.

To verify whether the CAPM captures the option feature of common stock | contrast
the behavior of V" with that of VO™ in two experiments. In the first | change the expected
value of operating cash flows x, while keeping all other parameters of the model (expression
15) constant. In the second | change the standard deviation of operating cash flows o, while

keeping all other parameters constant. Results of the first experiment are shown in Figure 5.
Panel 5.1 traces equity values calculated by the CAPM and OPM with respect to underlying
asset prices V, . As V, increases equity values under both models increase and converge to their

lower bound at max [O,VA —d(1+ i)’l} . This is as anticipated (BREALEY et al., 2006). However,

as seen in panel 5.2, the two valuations are not identical. At low asset prices Vo™ >VE*™ . The
situation reverses as asset prices increase, and the gap eventually disappears as p — 0. Panels
5.3 and 5.4 show that both volatility (o, ) and equity beta ( 5. ) decrease with asset values in

this example.
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Figure 6. Does the CAPM capture the option effect?

(6.1) Value of equity (vs. oy ) (6.2) Difference in V. and p (vs. o )
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Results of changing the standard deviation of operating cash flows ( o, ) from $0.25 to $9.00. Given: x, =$12
, d=%$7.5 p=.30, and market parameters as usual at T, =.15, o,, =.20 and i=.05.

Results of the second experiment are given in Figure 6. Panel 6.1 traces equity values
calculated by the CAPM and OPM as a function of the volatility of asset returns (o, ). As

volatility increases equity values under both models at first drop, and then rise. According to
option pricing theory the direct effect of increasing o, on the value of equity is positive, but

the indirect effect could lead to a negative overall impact on the value of equity (BREALEY et
al., 2006.)

As seen in panel 6.2, once again the two valuations are not identical: Vo™ is slightly
higher than V" at low volatilities. As volatility rises (along with bankruptcy risk) the

situation reverses and the gap continues to expand from then on. The explanation for the “U”-
shaped equity value curve is given from different perspectives by the OPM and by the CAPM.
According to the OPM the effect of falling underlying asset prices (panel 6.3) is initially
stronger than the effect of increasing volatility, but the situation eventually reverses. According
to the CAPM the effect of increasing beta (panel 6.4) is initially stronger than the effect of
increasing expected dividends, but the situation eventually reverses.

Figures 5 and 6 show that valuation formula (15) is sensitive to the shareholder benefits
of both diversification and limited liability (the option effect). Discrepancies between the
CAPM and OPM valuation formulas (15 and 19) are caused by different assumptions regarding
the behavior of dividends. The CAPM (as applied in this paper) assumes that dividends follow
a normal distribution truncated below at zero (the event “zero dividends” having positive
probability equal to p) and that the variance of asset prices changes as asset prices change. The
OPM assumes that asset prices follow a lognormal distribution (the event “zero dividends”
having probability zero) and that the variance of asset prices is invariant with respect to asset
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prices. 3

3.7 Conditional Expected Returns
According to the CAPM the unconditional expected return on equity is given by

E[Re]= i+ B:(F, —i) with the impact of bankruptcy risk given by Proposition 1l. Sometimes it
IS necessary to compute expected returns conditional on a given value of the market return, for

example, when measuring investment performance by means of abnormal returns on equity
(GRINBLATT,; TITMAN, 1994; BREALEY et al., 2006). What is the correct manner of

A

revising expected returns once we know that the realized value of R, turned out to be 7, ?
Intuitively as long as operating cash flows and market returns are correlated ( p = 0) the answer
should not be obtained simply by replacing ¢, for 7 in (4) because knowledge of what
happened to the market is useful for updating the firm’s risk of bankruptcy loss and expected
dividends. The correct way of computing the expected return on equity conditional on the
market’s outcome is given in Proposition IV, after preliminary results in Lemmas 3, 4 and 5.
LEMMA 3. Given that R =¥, the probability of bankruptcy loss to investors should be
revised to:
p=Pr{X <d|R,=F}=1-®, (20)

where: §=(5-4)/6, ; iy =p(F,-T,)/o,;and &, =1~ p°
4, and &, are location and variability measures for standardized cash flows (Z,)
conditional on R, =f, . The subscript of @ in (20) is a measure of risk similar to J but revised
in light of knowledge that R_ =¥ .
LEMMA 4. The expected value of cash flows conditional on the firm not failing, given that the
observed return on the market is R =¥ is given by:

E[X|X >d,R,=Ff,]=d +0, (ﬁz—5+%¢5] (21)

é

LEMMA 5. The ratio of conditional to unconditional expected dividends is:
¢ E[XeIR =] & Hy
E[XE] Hy,o
We are now ready to obtain an expression for conditional expected returns on equity
that uses all information about the firm contained in the fact that R, =¥, .
PROPOSITION IV. The expected return on equity given that R, = is a function of beta, of the

(22)

ratio of conditional to unconditional expected dividends (IZ) and of market parameters, as
follows:

E[R. IR, =F,]=k (1+E[R.]) -1 (23)
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Figure 7. New and traditional conditional expected returns ( p=.10; p=.50).
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Proposition IV confirms that if market sensitivity is nonzero conditional expected

A

returns cannot be obtained simply by substituting ¢, for 7 in (3). It also shows that

m

A

E[R: [R,=F,] is nonlinear in i and strictly respects limited liability, since lim,

E[R¢ IR, =F ]=-100%. This contrasts with the traditional approach of assuming that

A

E[Re IR, =f,]=i+p:(f,—i), which is linear in f, . Figure 7 contrasts the new and traditional
approaches for computing conditional expected returns assuming that p=.10 and p=.50. A
financial analyst who uses the traditional approach for this company will be negatively

A A

surprised when f (-.27,.13), and positively surprised when ¢, >.13. The relationship

m m

portayed in Figure 7 shows that even though the level of return on the market at which the
firm’s stock hits the lower bound is too low to be realistic, respecting the lower bound affects
conditional expected returns over the entire range of market returns.

4 CONSEQUENCES OF IGNORING BANKRUPTCY RISK

According to Proposition 11, beta is determined by two, and only two, firm-specific
parameters: bankruptcy risk and market sensitivity. In practice beta is typically estimated by
regressing historical rates of return on market rates of return using ordinary least squares (OLS).
This section examines the consequences of ignoring the possibility of total losses when
estimating beta.

4.1 Impact on Estimates of Beta

To examine the possibility of bias in traditional OLS estimates of beta | derive an
expression for the covariance to variance ratio assuming that total losses are not recorded in the
estimation sample. In other words, since OLS is employed to estimate the covariance to
variance ratio as if all possible outcomes were available, what the conventional technique
actually measures is the covariance to variance ratio conditional on total loss not happening,
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which means that:
cov(Re, R, IR: >-1)
var(R, |R: >-1)
The next proposition offers an expression for 2 in terms of fundamental parameters
of the firm and market.
PropPosITION V. The OLS estimator of equity beta conditional on total loss not happening

can be written as a function of two, and only two, firm-specific parameters—bankruptcy and
sensitivity—and the usual market parameters as follows:

oLs _ p(1+ i) o &)i =5 Hso
- On Ho‘p CT)S —,024)5 Ho
Figure 8 contains plots of g2 versus p for selected values of p superimposed on plots
of p. versus p. (Table 3 shows calculated values of g2 for selected values of p and p.) The
graph shows that g2~ underestimates true beta for a wide range of realistic combinations of p
and p. It also shows that, as bankruptcy risk tends to zero, 4> tends to true beta, whatever the
degree of market sensitivity, i.e., lim_, 2" = .. From Propositions Il and V we conclude
that:
COROLLARY. Market parameters have no effect on the ratio 4./, which depends only
on bankruptcy risk and market sensitivity, as follows:

Be -d &)fzs‘_pzd)a‘Ha‘o
’ CD§_¢§H§0

OLS _
o =

(24)

(25)

OoLS
E

(26)

Figure 8. Ratio of true to OLS beta as function of bankruptcy risk (p) and sensitivity (o)

Be
,BOLS 14

E

12

1.0

probability of bankruptcy (p)

Figure 8 shows how the error in OLS estimates of beta varies with bankruptcy risk and
sensitivity. Observe that lim__, 8. /B2 =1 and that 4. /5" is a decreasing function of p at

any given p. Significant errors occur even at relatively low levels of bankruptcy risk. For
example, at p=.02 and p=.30, B is approximately 1.083x 82~ and at the assumed market
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parameters required rates of return would be understated by more than half a percentage point
(about 62 basis points.)

4.2 Impact on Estimates of Required Returns

To what extent are analysts who overlook the possibility of total losses surprised by
actual returns? The answer to this question depends on whether the analyst presumably knows
or does not know the actual market yield.

Assume first that the analyst is unsure about the actual market return (R_), but has

formed an expectation for R, of .. Let E[R.] =i+ (T, —i) denote the conventionally

computed ex-ante expected return on a firm’s common stock based on OLS beta. | define
unconditional anomaly as the difference between expected returns that take bankruptcy risk

into account and expected returns that ignore bankruptcy risk, i.e., E[R]-E[R:] .

PropPosITION VI. Unconditional anomalies depend only on probability of bankruptcy,
sensitivity and market parameters as follows:

E[Re]-E[R] = (e -2 (R, 1) (27)

Now assume that the analyst knows R, =f,, and let E[R¢ |, ] = i+ 82" (f, —i) denote

the conventionally computed expected return on equity given R_ =7 . This calculation is

incorrect because it fails to revise bankruptcy risk given the actual market yield. | define
conditional anomaly as the difference between full and partial information conditional expected

returns, or E[R¢| %, ]-E[Rc|¢, ] . This type of error is present when abnormal returns are used

to measure the performance of an investment strategy or to test the market efficiency hypothesis
in an event study.

ProprosITION VII. Conditional anomalies depend on probability of bankruptcy, sensitivity
and the observed market return f, as follows:

E[Re|¢, ]-E[ Re|f, | =k(1+ E[Re])—max|0,1+i+ > (£, —i) ] (28)

FULL INFO. PARTIAL INFO.

5 PROPOSED ESTIMATORS FOR BETA
In this section | propose two estimators for beta designed to address problems in the
conventional OLS estimator. The first finds both p and o endogenously. The second needs an

exogenous estimate of p.

5.1 First Proposed Estimator: Endogenous p and p

Estimation of beta from stock returns does not fit the typical assumptions of censored
or truncated regressions, which involve the estimation of parameters of an originally
unconstrained distribution given a censored or truncated sample drawn from that same
distribution. The problem at hand consists in estimating the parameters of a distribution of
originally constrained returns. In particular, we must estimate the parameters of a truncated
bivariate normal distribution given observations that exclude instances in which the lower
bound was reached. Since bankruptcy risk and sensitivity are the key parameters of stock return
distributions (Proposition 1) and beta is a function exclusively of those two firm-specific
parameters (Proposition 1), the strategy is to obtain maximum-likelihood estimates of p and

p from a sample of stock and market returns, which then lead to a maximume-likelihood
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estimate of beta.
Suppose we have a sample of N return pairs (r,m; ), j=1---N, where r, and m,

represent the j™ realizations of R. and R respectively. Let fp'p(-|mj) be the probability

density of R_, giventhat R =m,, with parameters p and p. The problem is:
(

N
fpvp . .
max 11:! (rJ Im, ) 29)

with respect to p, p

_ subjectto: 0<p<1l;-1<p<l

Solutions to this problem are values of p and p, denoted p’ and o', that maximize the

likelihood that this particular sample of returns was generated according to the model described
in Section 2. Given the invariance property of maximum-likelihood estimators, p’ and o’ lead

to a maximum-likelihood estimate of true equity beta by means of (14). To complete the
specification of (29) we need an expression for f*(r;|m; ). This is given in Proposition VIII.

PROPOSITION VIII. Let J* be a set of firm and market return pairs (r,,m; ) that excludes
observations of total losses. The probability density of R, given that R =m; >-100% with
parameters p and p is:

¢[ PRl H"‘J

m, Hi: 0 ~Hs,

£ (r,|m, ) = ng- X = i (30)
1+i d)(,uj,c)'j|5)

where ;= p(m; -T,)/o, and o =\1-p" .

The objective function and one of the constraints are nonlinear in p and p. Once the
solutions p’ and p’ are found the maximum-likelihood estimate of beta follows from
Proposition Il.

5.2 Second Proposed Estimator: Exogenous p, Endogenous p
The second estimator obtains OLS beta with the traditional technique, and then
combines g2 with an independent (and hopefully up-to-date) assessment of p, say p*, to

obtain an estimate of sensitivity p* via (24). Figure 9 illustrates how p" can be inferred from
O and p*. Given p* and p* we estimate true beta via (14) as before. This estimator should

perform well for companies that have been through significant changes in failure risk, while
market sensitivity has remained relatively steady. An independent assessment of p can be

obtained by means of a bankruptcy prediction model such as Shumway’s (2001).

The first proposed estimator for beta has the advantage of following entirely from the
CAPM, but the final result is based on possibly stale historical returns (like the traditional
estimator). The second proposed estimator needs input from outside the realm of the CAPM
and stock returns, but in so doing allows the introduction of recent information on bankruptcy
risk.
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Figure 9. Deriving sensitivity given OLS beta and probability of bankruptcy.
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6 CONCLUSION

Combining the effects of diversification and of the option-to-abandon in a single
valuation model suggests reasons for anomalies in models that concentrate on only one of those
two factors. If total loss is possible and the likelihood of total loss is correlated with the market,
then the systematic risk of equity must reflect this possibility. Even if the effect of total loss is
too small to matter for most firms most of the time, it can still be sufficiently large for enough
firms to generate return patterns that seem strange to those who ignore it. For instance, return
patterns in which smaller firms accrue higher returns than predicted by the CAPM and in which
these higher returns are associated with financial distress. Although this commentary on
conventional techniques applies at any level of risk, significant practical effects are foreseen
only for highly speculative investments (such as firms classified as Caa-C by Moody’s).

The argument in the paper is consistent with accepted finance theory in the sense that:
(1) it replicates Black and Scholes’ option-equity parallel; (2) it assumes a linear relationship
between expected returns and beta given the expected return on the market; and (3) it respects
Modigliani and Miller’s proposition on capital structure irrelevance in a tax free/costless
bankruptcy economy. The paper challenges, however, the presumption that there is a linear
relationship between expected returns and beta given the realized market return and the practice
of estimating systematic risk via ordinary least squares.

Other results are:

« Option prices should be affected by the systematic risk of their underlying assets, in
agreement with existing empirical results (Dennis and Mayhew 2002; Duan and Wei 2006).

* Expected stock returns conditional on the actual market return depend in a nonlinear
fashion on the actual market return and converge to —100% as the market return drops. This
contrasts with the conventional approach in which the ex-post expected return is obtained by
substituting the actual market return for the expected market return in the formula for the ex-
ante expectation (the Jensen measure).

« Two characteristics are sufficient to specify the distribution of stock returns:
bankruptcy risk and market sensitivity. Bankruptcy risk subsumes the effects of leverage, size
and operating risk on returns. This agrees with research that finds that the size and leverage
anomalies in CAPM are subsumed by distress (CHAN; CHEN, 1991; FAMA; FRENCH, 1993;
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FAMA; FRENCH, 1996; VASSALOU; XING, 2004).

» Two firm-specific characteristics are sufficient to specify beta: bankruptcy risk and
market sensitivity. Bankruptcy risk in the model is partly systematic, in agreement with findings
from contingent claims based estimates of default risk (VASSALOU; XING 2004), but not with
findings from accounting based estimates of default risk (DICHEV, 1998). Very distressed
firms may have lower betas than very safe firms as long as high distress is accompanied by
sufficiently low sensitivity levels. Hence, despite claims made elsewhere (DICHEV, 1998), the
CAPM is not negated by very distressed firms yielding lower returns than very safe firms, even
if this persists over long periods of time.

Allowing for risk of contagious bankruptcy has important but subtle effects on security
prices. The model presented in this paper integrates aspects of the CAPM and OPM. It leads to
predictions similar to those generated by traditional implementations of the Sharpe-Lintner-
Mossin CAPM when bankruptcy risk is irrelevant, but to a different and richer set of predictions
when bankruptcy risk is important.
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APPENDIX A
PROOFS OF LEMMAS AND PROPOSITIONS

| Proof of Lemma 1: - Expected dividends

Conditioning on the firm not being bankrupt at year-end (i.e., X >d) we can write:

E[X¢]=E[max(0, X —d)]|=E[ max(0, X —=d)| X >d](1- p) (A1)
This is the expectation of a normal distribution truncated below at 0 such that the unconstrained
normal has mean ., —d and standard deviation o . Therefore (MADDALA, 1983):

E[XE]:O-X [‘1’5‘5&)5]:(&'_'50 (A.2)
which is the desired result.

Proof of Lemma 2: - Covariance dividends x market

Let I be a random variable that takes on the value 1 if X >d and O otherwise. The covariance
between dividends and market returns can be written as:

cov(max(X —d,0),R,)=cov((X—-d)I,R, )=cov(X I,R )-dcov(l,R,) (A3)
Now make the following substitutions:
X =ty +0y Zy
(A.4)
R,=T,+0,Z,
where Z, and zZ_ have a bivariate standard normal distribution with correlation p, to obtain:

cov( Xe, Ry ) =0, (s —d Jeov(Il,Z,)+oy o, cov(Z, 1,Z,) (A.5)
or:
cov(Xe, Ry ) =0, (1 —d )E(1 Z,)+0y 0, B( Z, 1 Z,) (A.6)
Now the following substitutions iptroduce the basic parameters of the firm (Muthén 1990):
E(1Z,)=pé;
(A7)
E(Z,1Z,)=p[1-p+50;]
Hence:
cov(Xe,R,)=po,0,D; (A.8)
which is the desired result.
Proof of Proposition I: - Return distribution factors

Consider a state of the economy in which the realized market return and the firm’s cash flows
at liquidation are R_ =7 and X =X respectively. Based on these values define:

2m:rm_rm 2X:X_/u>< W= Ly —LypP (Ag)
Om Ox 1- P

2, and W are realized values of independently distributed standard normals z_ and W (Ross
1985). In order to find a minimum set of firm and market characteristics that determine the
realized value of return on equity, consider parts A, B, and C of the expression for realized
returns on equity, as follows:
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Part A

Re (1+1)

fo = -1 A.10
® E[Xg]-4cov(Xg,R,) (A-10)
— —_—
Part B Part C
Part A: The realized dividend is given by:
% =max (0, x—d)=max(0, uy —d + o, 2, )=0, max(0,5+2,) (A.11)

Part B: The expected dividend is given in Lemma 1.
Part C: The covariance of dividends with market returns is given in Lemma 2.
Substituting parts A, B, and C into (A.10) leads to the desired result. Since p=a®, and

s=(F,—i)/c, , it follows that the realized return on equity is a function of only two firm-
specific parameters: p and (p). Other arguments are the Sharpe ratio, i, and pure noise (Z, ).

Proof of Proposition I1: - True beta

Combine the definitions of g, and R. (expressions 4 and 8 in the manuscript) with the
expression for dividends payable under limited liability (1 in the manuscript) to obtain:
cov(max(X —d,0),R,)
Ve G,i
Use (A.8) for the numerator in (A.12) and transfer V. to the left hand side. Then use Lemma 1
for E[X;] in (6). Use the two resulting valuation formulas to find the desired expression for
true beta.

(A.12)

E

Proof of Proposition I11: - Equity value

The result is a direct consequence of expression (6) and Proposition Il. (Note that there is a one-
to-one relationship between probability of bankruptcy and 6 via p=®,.)

Proof of Lemma 3: - Conditional risk of bankruptcy

Let Z, [ N(0,1) and substitute (4, +oy Z,) for X to write:
Pr[X >d|f ]=Pr[Z, >&|F ] (A.13)

Z, and R_ have a joint bivariate normal distribution, and the conditional density function
f(Z |f,) is distributed as N(z,,6,), where i, =p(f, -T,)/c,and &, :\/1—7 (Greene
2000). Therefore, letting 5=(5-4,)/6,

Pr{X >d|fm}=&>[%j=q_>s (A.14)
Note that & is associated with the probability of bankruptcy given . just as ¢ is associated with
the unconditional probability of bankruptcy.

Proof of Lemma 4: - Conditional expected cash flows

The result follows from properties of the bivariate normal distribution (Greene 2000, p. 83) and
of the truncated normal distribution (Maddala 1983, p. 365).
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| Proof of Lemma 5: - Ratio of conditional to unconditional expected dividends

The result is based on Lemmas 1, 3, 4 and uses E[X; | ] =

Pr{X>d|f }(E[X|X>d,R, =F]-d).

| Proof of Proposition 1V: - Conditional expected returns

The result is based on expression (15) for the value of equity and on Lemma 5. Note that the
conditioning variable f_ is present on the right-hand-side of (23) via k , which is a function of

5, 2, and finally ¢, . It is also easy to verify that E[E[RE|fm]]= E[Re]= i+ (T, —i).

Proof of Proposition V: - OLS estimator of equity beta

Beginning with the definition of beta in expression (4), impose the no-bankruptcy condition
and let the random variable | that equals 1 if X >d , and equals O otherwise:

o COV(max(X —d,0),R,[X>d) cov(X,R,|l=1)

= Vevar(R, [ X >d) Vevar(R,|1=1)
Borrowing the definitions of z, and z_from the proof of Lemma 2 (S.4), the numerator can
be expanded as follows:

(A.15)

cov(X, R, |1 =1)=0y 0, (E[Z,Z,|1 =1]-E[Z,|I =1]E[Z,]1 =1]) (A.16)
From Bayes’ theorem and from Muthén (1990) comes:

E(Z, |1 =1)=¢,®," (A.17)

E(Z,|1 =1)=pd; @, (A.18)

E(Z,Z, 1 =1)=p[ D, +5¢; | D, (A.19)

E( (zm)2 I :1):[55 +p°5¢, @, (A.20)

With (A.17) through (A.20), cov( X, R,| I =1) and the variance in the denominator are:
&)52 +¢(5 H()'O

cov(X,R,|1=1)=poy, o, =7 (A.21)
5

2 - 2 @+ p*d; H
var(R, |1 :1):0;{E[(zm) i :1}—E[Zm|l =1] }:a;w (A.22)
Inserting (A.21) and (A.22) into (A.15), and using (15) for V., the desired result follows.

Proof of Proposition VI: - Unconditional anomalies

Use (3) and the expressions for 4. and A2-° in Propositions Il and V.
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Proof of Proposition VII: - Conditional anomalies

Follows directly from Propositions |1, IV and V.
Proof of Proposition VIII: - Maximum likelihood estimator

To determine an expression for f** (rj |m;, ) | start from the fact that the cumulative distribution
function of R., given that R,=m; is a function F"?(r;|m;) such that
FP2 (r;[m; )=Pr{R. <r;|m;}, or:

FP7 (r | m; )=Pr{ Xg <Vg (11, )im; } =Pr{ X <d +V¢ (141, )im;} (A.23)
Setting Z, =(X -, )/oy and using valuation formula (15) it follows that:

Ve (1 1+
£ (1, Im, )= Pr{z LAy, (1+17) m, } |:ar{zX <s+—7L 1+ H,, [m, } (A.24)

Oy Oy

m —T
which implies that F*(r;|m; ) is normal with mean g, =M and standard deviation

of a/ﬁ as defined in Lemma 3. Let (I)(,uJ.,O'j|D) and d)(,uj,aj|D) represent univariate
normal cumulative distribution and probability density functions with mean ; and standard
deviation o ;. Consider two cases: when the firm is not bankrupt (7, >-100%) and when it is (
r,==100%). In the first case,

1+
vap(rj|mj)=q>(ﬂj, [ERany j (A25)

which implies that:

fpvp(rj|mj) al q{ﬂ.,a 5+1+—r_"H[';ij (A.26)
(1+i)®@ (,uj, J|5) e 1+i
When the firm fails, F*(r;|m; ) is defined as:
FP (~100%| m; ) = ®(u;, 0| 5) (A.27)

which is the conditional probability of bankruptcy given that the return on the market portfolio
is m;. The probability density function is not defined in this case.

Let J° be the set of firm and market return pairs (rj,m j ) such that bankruptcy does not
occur. Using (S.26) the maximization problem can be written as:

mj

H
e St ,|5)"’("“

1+r. .

Revista Universo Contabil, ISSN 1809-3337, FURB, Blumenau, v. 11, n. 1, p. 105-135, jan./mar., 2015



131
Carlos A. De Mello-e-Souza

APPENDIX B
SAS PROCEDURE TO OBTAIN MAXIMUM LIKELIHOOD ESTIMATES OF BANKRUPTCY RISK
(P) AND MARKET SENSITIVITY (p) GIVEN ANNUAL REALIZED STOCK AND MARKET

RETURNS
proc iml; */
Rm =&GIVRME&; /[* given expected return on the market */
Rf =&GIVRF&; /* given risk-free rate */
Sm = &GIVSM&; /[* given std. deviation of market returns */
/* FILE1 has MKTX, RETX with annual market and stock returns. */
/* (At least ten observations needed.) */

use FILEL var {MKTX}; read all into MKT;
use FILEL var {RETX}; read all into RET;

Msiz = nrow(RET); /* number of periods with observed returns */

/* Row vector for MLE estimates of p and p */
RES =j(1,2,.);

/* NLPQN options: */
OPTN =j(1,10,.); /* row vector for ten nlpgn options */
OPTNI[1] = 1; /* maximization */
OPTNI[2] = 0; /* no printed output */
OPTN[4] = 1; /* update method */
OPTNI10]= 1, /* number of nonlinear contraints: nlc */
[* Constraints: */
CON =j(2,2,); [* 2x2 matrix for NLPQN constraints */
CON[1,1]= .001; /* lowest p */
CONJ[2,1]= 1-.001; /* highest p */
CON[1,2] =-1 +.001; /* lowest p */
CON[2,2] = 1-.001; /* highest p */
[* Termination criteria: (abitrary value) */

TC = {50}, /* MAXIT or maximum number of iterations */

[* Starting values for decision variables: (arbitrary values) */
X0 =j(1,2,.); /* row vector for 2 NLPQN starting values */

XO0[1] = .15; /[* probability of bankruptcy (p) */
x0[2] = .20; /* cyclicality (p) */
[*Maximization using quasi-Newton method with nonlinear constraint */

call nlpgn(rc, XRES, “loglike”, X0, OPTN, CON, TC) nlc = “nlcon”;
if rc > 0 then do;

XOPT = XRES’;
RES[1] = XOPTI[1]; [* OUTPUT: MLE estimate of p */
RES[2] = XOPT[2]; /* OUTPUT: MLE estimate of p */
end;
end,
start loglike(X) global(Msiz,MKT,RET,Rm,Rf,Sm); /* Loglikelihood */
p = X[1];
r = X[2];
Sharpe = (Rm-Rf)/Sm
g = sqrt(1-r**2);

Del= probit(p);
FiBar =1 — cdf(‘Normal’,Del);
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FiSmall = pdf(‘Normal’,Del);

HO = FiSmall — (Del)*FiBar;

H1 = FiSmall — (Del + Sharpe*r)*FiBar;
if H1<=0 then return(-888888);

if HO<=0 then return(-777777);

f=0;
do J=1 to Msiz;
Part =
v = r*(MKT[J]-Rm)/Sm;

Piz = 1-cdf(‘Normal’,Del,v,g);
Dm  =Del + ((1+RET[J]) / (1+Rf))*H1,;
Aux  =pdf(‘Normal’,Dm,v,g);
If Aux=0|Piz=0|Piz=1 then return(-666666);
Part = log((H1/(1+Rf))*(Aux/Piz));
f =f + Part;
end;
return(f);
finish loglike;

start nlcon(X) global(Rm,Rf,Sm); /* Nonlinear constraint */
p = X[1];
r = X[2];
Sharpe = (Rm-Rf)/Sm
Del= probit(p);
FiBar =1 - cdf(‘Normal’,Del);
FiSmall = pdf(‘Normal’,Del);
H1 = FiSmall — (Del + Sharpe*r)*FiBar;
c =H1-0.000001;
return(c);

finish nlcon;

run;
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Exhibit C.1. Probability plots to test visually for normality. Portfolios with N=25 and
N=500 securities at selected levels of sensitivity (o) and bankruptcy risk (p)

Discussion: The return on the market portfolio (R.) is a value-weighted average of returns on
securities. If those returns are independent and identically distributed then by the central limit
theorem R_ approaches normality as N (number of securities) — oo . But stock returns in this
paper follow diverse and interdependent truncated normal distributions. Thus, the sufficient
conditions for the Lindeberg-Lévy and Lapunov central limit theorems fail (CONOVER, 1980).
In order to check if normality of R is consistent with the model of Section 2, I built simulated
portfolios of securities (all securities with the same p and o parameters) and tested whether the
distribution of this “R_” could be distinguished from normal. Exhibit C.1 shows probability
plots for selected p and p values for N =25and 500. Exhibit C.2 has the corresponding
skewness ratios, kurtosis ratios and Ryan-Joiner statistics. At extreme levels of bankruptcy risk
(p=.75") for ALL securities the hypothesis that “R_* is normally distributed is rejected when
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N =25 but not when N =500 at the usual significance levels. There is a clear trend toward
normality as N grows.

bankruptcy risk (p) p=.15 p=.75 p=.15 p=.75
size of portfolio 25 500 25 500 25 500 25 500
sensitivity (p) .00 A5
true beta .00 .00 .00 .00 .64 .64 151 151
standard deviation 168 .036 514 109 173 .039 585 .125
minimum -515 -.055 -1.000 -.263 -.354 -.003 -1.000 -.198
median .043 .049 -.013 .042 114 113 102 .198
% average .047 .050 062 .044 14 114 163 .203
@ maximum .609 .192 2.318 .350 672 .240 2.312 .681
Ryan-Joiner statistic .999 .999 989 .999 999  .999 987  .999
p-value >10 0.095 <01 >.10 >10 >.10 <01 >.10
*k* * reject *k*k *k* *k*k reJeCt *k*k
skewness ratio 1.63 1.48 8.70 1.27 1.88 1.61 831 153
kurtosis ratio .87 1.01 486 -195 -11 -04 199 .39
sensitivity (p) .30 45
true beta 1.36 1.36 353 353 2.18 2.18 6.36 6.36
standard deviation [184 .042 .683 .146 197  .045 821 .176
minimum -.312 .062 -1.000 -.064 .264 .135 -1.000 .125
median 186 .185 287 .400 268 .266 547 682
% average 186 .186 358 .405 268 .268 632 .688
@ maximum 781 .320 2.869 .963 904 411 3.649 1.359
Ryan-Joiner statistic[.999 .999 987 999 999 .999 987 999
p-value >10 >10 <.01 >.10 >10 >10 <01 >10
Eax =3 *kx rej ect *kx Eax = *kx reJ eCt *kx
skewness ratio 1.88 1.61 831 153 1.88 1.61 831 153
kurtosis ratio -11  -.04 199 .39 -11  -.04 199 .39

Exhibit C.2. Test of normality results based on simulated returns of portfolios with
N=25 and N=500 securities at selected levels of sensitivity (o) and bankruptcy risk (p).
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L With quadratic preferences mean-variance analysis is admissible under truncated returns (DYBVIG;
INGERSOLL, 1982) The quadratic form is problematic because it implies satiation and increasing
absolute risk aversion. An alternative is to rely on results that show that mean-variance is robust under
truncated returns, regardless of the shape assumed for investors’ utility function (HANSON; LADD,
1991).

2 Simulations show that as the number of securities increases, even if all are subject to high risk of
failure, returns on the portfolio tend to normal. (Available from author.) Thus normally distributed
market returns are not inconsistent with firm-specific returns being truncated normal.

$When the value of the underlying asset changes due to changes in expected cash flows the volatility of
returns also changes. In the two experiments above the true volatility is used in the OPM formula, even
though the OPM assumes that volatility is invariant with respect to V, . This is consistent with research

on alternative option pricing models (BAKSHI; CAO; CHEN, 1997)

*The conditioning variable f_ appears on the right hand side of expression (23)—as it must—because it
is included in the definition of /4, (Lemma 3), which in turn affects 5, which is part of K.
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